New heterotic string theories in four dimensions are constructed by tensoring a nonstandard SCFT along with some minimal SCFT's. All such theories are identified and their particle generation number is found. We prove that from the infinite number of new heterotic string theories only the {6} theory predicts three generations as seen in nature which makes it an interesting candidate for further study.
Introduction
Heterotic string theories are build via the Gepner construction [3, 2] with the heterotic string map. The construction consists of several building blocks of specific central charges. For consistent theories in four dimension(D = 4) one of these building blocks is an N = 2 SCFT with central charge nine [1] . In this paper, following reference [1] , we realize the Gepner construction by choosing the N = 2 SCFT as a tensor product of a nonstandard SCFT [1] along with some minimal SCFT's [5] . The nonstandard SCFT model is specified by two strange integers, m and N where m obeys, N/2 < m < N . We also tensor along with this theory r minimal N = 2 SCFT's, specified by the integers N i where i = 1, 2, ..., r. The central charge of the complete theory is than given by,
Solutions to this equations specify the N = 2 SCFT content of consistent heterotic string theories in D = 4. The particle generation number of these string theories can be found from the spectrum of the N = 2 SCFT as follows. The string theories are described with a gauge group that includes E 8 × E 6 along with chiral fermions generations and anti generations in the 27 and27 representations of E 6 respectively. Particle generations correspond [2] to the N = 2 SCFT (C, C) fields of dimensions h = 1 2 and U (1) charge Q = 1. Where (C, C) are left and right chiral super primary fields satisfying Q =Q. While anti generations come from (C, A) fields with h = 1 2 and Q = 1. Here, (C, A) is a left chiral and right anti chiral super primary such that Q = −Q. Thus we need to study the (C, C/A) fields of the full theory. We assume the diagonal modular invariant for all sub theories thus there are no (C, A) fields in any of the sub theories. For the N = 2 minimal SCFT's we denote the (C, C) fields as Φ Ni ki , their U (1) charges were found in [5, 6] . In [1] the authors studied the left chiral super primary fields of the (m, N ) nonstandard N = 2 SCFT, denoted ρ m,N q (z,z). We assumed the diagonal modular invariant for all sub theories, thus the only (C, C) fields in the full theory are those constructed from (C, C) fields of the sub theories
where q = 0, 1 . . . , N , and k i = 0, 1 . . . , N i . For our work we need (C, C) fields whose total U (1) charge is exactly 1. These are the solutions of the equation
Generations in the string theory are in one to one correspondence with solutions of this equation, specified by (k 1 ...k r , q). For the diagonal modular invariant there are no additional generations. The anti generations of the theory come from (C, A) fields with Q = 1. For the diagonal modular invariant these fields are not present in the sub theories. However, the use of the Gepner construction breaks left right symmetry and such fields can appear in the full theory. By definition these fields have Q = −Q where Q is given by eq. (3). Thus clearly solutions of equation (3) correspond also to (C, A) fields with Q = 1. However, the anti generations in the string theory are not in one to one correspondence with these solutions. The Gepner construction provides a condition resolving which of these fields correspond to an anti generation [1] . Define the latticeQ as the lattice spanned by the r + 1 vector (−1, −1, . . . , −1, 1), where it is minus one for the first r indices of the minimal models, and one for the last index of the non-standard model. Define also the lattice K spanned by the vectorsN i ≡ N i + 2 in the i'th position and zero everywhere else, for i = 1, 2, . . . , r, along with the vectorN r+1 ≡ 2m − N in the last position, and zero everywhere else. The anti generations are in one to one correspondence with solutions satisfying,
where r q is an integer defined by
Here we defined [x] as the fractional part of x, such that if x is some integer [n = 0] = 1 and [0] = 0. Finally, note that for non diagonal modular invariants there could be additional anti generations.
String Theories in Dimension D = 4
One of our goals in this work is to find new string theories consistent in D = 4. As said in the introduction these new string theories correspond to solutions of equation (1) . These solutions are given by sets {N r } = {N 1 , . . . , N r } specifying r standard models and two strange integers (m, N ) specifying the nonstandard model. We will assume with no loss of generality that the set {N r } is arranged such that N i+1 ≥ N i . To identify D = 4 consistent string theories we observe that c N S can be any rational number such that 3 < c N S ≤ 9 while c i are also rational numbers. Thus the condition
on the set {N r }, is a necessary sufficient condition for a consistent D = 4 string theory. Since c i are a rational numbers such that 1 ≤ c i < 3 we have {N r } sets, r ≤ 4, for which at least one of the N i is not restrained by condition (6) . These correspond to an infinite number of new string theories consistent in D = 4 which are given by,
while (m, N ) specifying the nonstandard model are given by equation (1) . The infinite number of consistent D = 4 string theories is a rich playing ground for phenomenological work on one hand. On the other hand, it makes the classification of all three generations models considerably more difficult. In addition to the infinite number of theories given by eq. (7) we have 116 consistent D = 4 string theories, their sub theories content is given in the appendix. These consist of one r = 0 theory, ninety nine theories with r = 3, thirteen theories for which r = 4 and three r = 5 theories. Following our discussion, theories with r > 5 are not consistent for D = 4 thus we have found all the new D = 4 consistent string theories containing one nonstandard model. Note that in our work we consider only theories containing one nonstandard model, other consistent D = 4 theories can be constructed using two nonstandard models.
Generation Number
We have already stated that we have found an infinite number of new string theories consistent in D = 4. Subsequently, to completely map all the new string theories generation and anti generation numbers an analytical solution must be found for the cases presented in eq. (7). We find analytical solutions for the generation and anti generation numbers for all cases. We will present detailed solutions for the first two cases. Solutions for the other three cases are achieved in a similar fashion and we will present them briefly. Using these solutions and a numerical solution for the 116 cases appearing in the appendix we will find the {6}(13, 18) theory to be the only theory with three generations as seen in nature. Let us start with the {N 1 } theory, where
3. 
Where since m and N are strange integers we have defined g, which is the greatest common divisor (gcd) of 3N 1 + 8 and 4N 1 + 12.
We now prove that g = 1, 2, 4 for N 1 = 1+2n, 2+4n, 4n respectively. We can rewrite m/N for the different cases of N 1 :
We immediately find that g ≥ 1, 2, 4 for the three cases respectively. To prove that these are exact we examine each case. For example in the second case assume that g > 2, so that m N = 12n + 14 16n + 20 , ⇒gm = 6n + 7,gN = 8n + 10,
where g = 2g. Using these equations we can rewriteg as
clearlyg = 2 is not consistent since,g
So we findg = 1 thus g = 2. Similar profs can be written for each case and we find
We now turn to the generation number, from eq. (8) we find the following relation
Using this relation we can write the U (1) charge equation (3) as
Note that q = 0, 1, . . . , N while m and N are strange integers, this means that [
. . , 1 albeit not respectively. We can now count solutions for the different cases of N 1 . First, note that for all cases N = 
For the g = 4 case the U (1) charge equation becomes
Here, N 1 = 4n so that N 1 + 2 is an even number while 2N [
qm N ] is an even number, as well. Thus for the g = 4 case solutions are found only for even k 1 and the generation number is given by
To conclude, the generation number for the {N 1 } theory is given by
To find the anti generation number, denotedḠ, rewrite the U (1) charge equation (17) using eq. (5) as
Next, with the aid of eq. (8) and the definition of k 2 = q + 2r q this equation can be brought to the form
We now briefly turn to the latticeQ + K. The latticeQ + K is spanned by the three vectors
Since g is either one or an even integer, we observe from equation (14) that |v l | = a|v s |. Here a is a positive integer and v s (v l ) stands for the shorter (longer) of the two vectors v 1 and v 2 . Thus the vector k lies in the lattice if and only if
Finally, using this condition and equation (21) we can identify the theory anti generations. For the N 1 = 2n + 1 case observe that the left hand side of eq. (21) is an integer. Since N 1 is odd, the right hand side of eq. (21) is an integer only for q even so all the solutions of the U (1) charge equation are such that q is even. Next, since q is even and |v s | = N 1 + 2 we find from eq. (21) that all the solutions satisfy the condition (23). We have thus shown that all the solutions of the U (1) charge equation lay in theQ + K lattice so that the anti generations numberḠ is given by,
For the g = 2 case |v s | = N 1 + 2. Here N 1 = 2 + 4n is even so that the RHS of equation (21) is an integer irrespective of the q value. Solutions with even q satisfy the condition (23) and thus lie in theQ + K lattice. To identify solutions with even q we can write eq. (21) using N 1 = 2 + 4n
Clearly all the solutions satisfy k 1 +k 2 even so that k 1 and k 2 are both even or both odd. Since k 2 = q +2r q the parity of k 2 is the same as the parity of q we thus conclude that solutions of even k 1 satisfy the condition (23). The anti generation number is then given bȳ
For the g = 4 case N 1 = 4n so we find |v s | = 2m − N = 2n + 1 and eq. (21) can be written as
Thus we find that all solutions satisfy the condition (23). Finally, the anti generation number is given bȳ
The net number of generations G net is the difference between the generation and anti generation numbers and can now be found for the different cases
To conclude, note that the only model corresponding to three net generations is the {6}(13, 18) theory.
The {N 1 , N 2 } Theory
To find the {N 1 , N 2 } theory generation and anti generation numbers G andḠ we first study the central charge equation,
Where we have used the notationN i = N i + 2 introduced above. From this equation we find m and N to be
In the proceeding we will frequently use the following relations implied by the solutions for m and N ,
In addition all the variables introduced are positive integers. We now examine the implications of the above solutions onN 1 andN 2 , we first definê
Here, h(l) is the gcd of g andN 1 (N 2 ) which fixes c and d(e and f ) as strange integers. Note that our equations areN 1 ↔N 2 symmetric this implies that h = l and f = d. Clearly it is sufficient to prove that h = l, we writeN 1 /g using eq. (32)
Thus l is a common divisor ofN 1 and g. Since h is the gcd ofN 1 and g we find h ≥ l. Due to theN 1 ↔N 2 symmetry the same argument can be made forN 2 /g from which follows l ≥ h. Finally, to satisfy both conditions h = l. Another important implication of eq. (32) follows from the observation thatN
Considering that c and d are strange integers, hc c d can only be an integer if hc = ad. Again, since c and d are strange integers the last equality sets h = nd. To conclude, we have found that
Finally, we prove that c and e are strange integers. Assume that c and e are not strange. We can always define c = γa and e = γb such that γ is the gcd of c and e thus a and b are strange integers. We have defined c and d as strange integers it follows that γ and d are strange as well. Next, from eq. (36) we observe that
is an integer so we can write pd = γ(a + b). Since γ and d are strange p = lγ and c + e = lγd. Using these definitions and eq. (36) we can write m and N as
Thus γ is a common divisor of m and N . On the other hand, since m and N are strange, their only common divisor is one so γ = 1, consequently, c and e are strange. We now turn to the U (1) charge equation (3). Using eqs. (32,36) it can be written as
Note that the denominator and the last term in the numerator are integer multiples of d. To satisfy the U (1) charge equation the first two terms in the numerator should also be an integer multiple of d. This condition can be written in the following manner
If we now divide by d the RHS and the first term on the LHS are clearly integers(see eq. 36). From the remaining term we see that solutions of the U (1) charge equation obey
Here, we have used k 1 = 0, 1, . . . ,N 1 − 2 and since l is an integer we introduced the notation ⌊x⌋/⌈x⌉ ≡ round down/up x. Using this the U (1) charge equation (38) can be written as
To count the solutions of this equation first note that N [ 
exits a solution. Combining this with eq. (40) we get the following limits for l
The number of solutions to the U (1) equation G is thus given by
To resolve the dilemma of l max we define s = ⌈ e c ⌉ for c = 1 so that
For c = 1 we should shift s by one. The error caused by using eq. (45) for c = 1 is
We can now write the generation number G as the following sum
Where c 1 = δ c,1 δ e−d⌊ e d ⌋,d−1 and it compensates for the error in l max . Before we solve this sum note that it can be simplified by solving the sums over nc and using ⌊−x⌋ = −⌈x⌉,
The first sum can be solved as followŝ
To solve the second sum in eq. (48) we first solve the following sum
If we look back to eq. (36) we see that since m and N are strange 
]. If we use this to solve the last sum in eq. (50) we getN 2 k2=1 k 2 (e + c) de
To solve the sum in eq. (48) we also need to solve
Here we have defined s − 1 = da + b, where a = ⌊ s−1 d ⌋ and b ≤ d − 1. This equality can be explained as follows. We observe that s was defined as the smallest integer for which sc e ≥ 1. This means that for k 2 ≤ s − 1 the second term in the numerator k2c e is smaller than one. The first term k 2 is clearly an integer thus
With n some positive integer. Finally, under the summation k 2 = nd exactly a times. The sum on the RHS of eq. (52) can be solved, however if we shift the last sum in eq. (48), we get
Here, in the last equality we have used the definition s − 1 = ad + b and b ≤ d − 1. Carefully gathering all the sums we get the generation number for the {N 1 , N 2 } theory
Where we have used eq. (36) to simplify the result.
To find the anti generation number we first examine theQ + K lattice. TheQ + K lattice is spanned by
A solution vector k lies in the lattice if it can be written as
with integer coefficients. This leads to the following restrictions
We observe that if a solution lies on the lattice it satisfies
We now show that if a solution satisfies this condition then it lies on the lattice, i.e it satisfies eq. (58). First, we write the U (1) equation (38) using eqs. (5,36):
Where ζ = 1 − q − r q . This equation can be written as,
If we now assume the condition (59), then the second term in the first equation is an integer. From eq.
(36) we note that e+c d and ne are strange, thus we find that
Using this the second equation leads to
To show that the point satisfies eq. (58), we note that since d and c are strange any integer can be written as l = φd + γc. Thus if eq. (62) is satisfied we can choose φ and γ so that
We first use this in the second equation in (61), finding that
Next, with the definition c+e d = p eq. (65) can be written as
Finally, we use eq. (64) in the first equation in (61) to find
So that if we choose β = ζ − pγ − φ we find an integer solution for all coefficients. Thus we have shown that a solution lies in the lattice if and only if it satisfies eq. (59). We can now count the solutions which satisfy eq. (59) in a similar manner as previously, we get
Wherec 1 is defined as δ cn,1 δ e−nd⌊ e nd ⌋,nd−1 . The sums in eq. (68) are solved in a similar fashion to the sums appearing in the generation number. We find the anti generation number for the {N 1 , N 2 } theory,
whereā is given by ⌊ s−1 nd ⌋. Finally, the net number of generation is given by G −Ḡ. We now prove that the {N 1 , N 2 } theory does not contain a model with three net generations. First, using 1 − 
This relation implies that all models with G ≥ 10 and n ≥ 2 will have a net generation number bigger than three. Next, we observe that G net = 0 for all models with n = 1. Finally, by noting that e+c ed ≤ 1 + δ ecd,1 and a ≤ s−1 d we get the following lower bound for G,
which is a monotonically increasing function of c, e, d and n. Using this lower bound we find that the only theories with n ≥ 2 which have less than ten generations are the {1, 1} and {2, 2} theories with (n, c, e, d) = (3, 1, 1, 1), (2, 1, 1, 2), respectively. This can be verified by trying to minimally increase c, e, d or n of the mentioned theories in accordance with the restrictions found above and checking the lower bound for G. To conclude, note that the net generation number for the {1, 1} and {2, 2} theories is two, so that no {N 1 , N 2 } theory has three net generations.
3.3. The {2, 2, N 3 } Theory
The {2, 2, N 3 } theory is solved in a similar manner to the {N 1 } theory, from the central charge equation we find
Here, the result for m N implies that g = 1.
Using the results for m and N it is evident that
Where we have used the notationN i = N i + 2. The U (1) charge equation can be written as
It follows that all solutions obey
so that M 2 and M 3 are strange. The number of solutions corresponding to (k 1 , k 2 ) denoted G k1,k2 can be found in a similar way to the {N 1 } theory, equation (73) has a solution 1 for any k 3 up to
Where it is minus one for (k 1 , k 2 ) = (0, 0) and plus one for all the rest while the delta takes care of the restriction k 1 + k 2 = 0 mod M 2 . The generation number can be written as
For the case in questionN 2 = 4, so that clearly M 2 = 4, 2, 1 forN 3 = 1 + 2n, 2 + 2n, 4n respectively. Solving eq. (75) we find the generation number for the {2, 2, N 3 } theory
To find the anti generation number we study the restrictions set by the demand k ∈Q + K and the U (1) charge equation (73). In a similar manner to the {N 1 , N 2 } theory we find that a solution lies in theQ + K lattice if and only if
Where h = 1, 2, 4 is the gcd ofN 2 = 4 andN 3 = 1 + 2n, 2 + 2n, 4n respectively. The first restriction means that the only solutions that may contribute to the anti generation number are G 0,0 and G 2,2 . Using the 1 An exception arises whenN 3 = 4 and
second restriction we find the anti generation number is given bȳ
where G i = G 0,0 , G 2,2 and a i = k 2 mod h, is the lowest k 3 satisfying the restriction (77). Solving these sums for the different cases we get the anti generation number for the {2, 2,
The net number of generation is easily calculated and clearly no {2, 2, N 3 } theory will produce three net generations.
The
This theory is solved in the same way as the previous case. From the U (1) charge equation
we get the restriction
so that M 2 and M 4 are strange. The generation number is then given by
Where
Here, it is minus one for (k 1 , k 2 , k 3 ) = (0, 0, 0) and plus one for all the rest 2 . SinceN 2 = 3 we getM 2 = 1, 3 forN 4 = 3n andN 4 = 3n respectively. Solving the sum (81) we get
The anti generations correspond to solutions satisfying,
Where h = 1, 3 is the gcd ofN 2 andN 4 . As in the previous case the anti generation number is given bȳ
Here, G i = G 0,0,0 , G 1,1,1 and a i = k 2 mod h. Finally the anti generation number is given bȳ
Thus the net generation number is different from three for the {1, 1, 1, N 4 } theory.
3.5. The {1, N 2 , N 3 } Theory
The last theory actually involves four cases with N 2 = 1, 2, 3, 4. These are solved using the technics presented in the previous cases, we state the results for these cases. We first note that for N 2 = 4 the central charge of the first two minimal models is three as in the last two theories. Indeed, the solution for this case is similar, the only difference is that here solutions satisfy 2k 1 + k 2 = 0 mod M 2 . Thus G k1,k2 is given by
Clearly here M 2 = 1, 2, 3, 6 if we sum over k 1 and k 2 we find the generation number is given by 
Solutions correspond to anti generation if and only if they satisfy
and again the anti generation number is given by the sum (78) with G i = G 0,0 , G 1,4 , we find
Next, we turn to the first three cases. For these theories we can write
where every pair of c,e and d is strange and α = 1, 2, 3 forN 2 = 3, 4, 5 respectively. If we define
solutions correspond to the condition
We can use bN 2 k1,k2 to write the lowest k 3 which satisfies this condition as aN 2 k1,k2 = bN 2 k1,k2 mod d. The generation number is then given by,
To find the anti generation number we define h as the gcd ofN 1 andN 2 . Solutions which satisfy
can be shown to lie in theQ + K lattice. The anti generation number is then given bȳ
where we have suppressed b indices and definedāN 2 k1,k2 = bN 2 k1,k2 mod nd. The sums in G andḠ involve a small number of terms thus they provide an elegant solution. Finally, we state that these results imply that the net number of generation is either zero or bigger than three for the {1, N 2 , N 3 } theory.
Discussion
In this work, we have described the construction of new D = 4 heterotic string theories. These string theories are achieved by means of the Gepner construction and the heterotic string map [3] . In four dimensions, the Gepner construction requires a c = 9, N = 2 SCFT. New such SCFT were build by tensoring r minimal and one nonstandard N = 2 SCFT. These SCFT are labeled by a set of positive integers {N r } and satisfy the central charge equation,
which determines (m, N ). All the solutions of this equation were found and are given by,
and the table given in the appendix. It follows that all string theories with an internal SCFT comprised of one nonstandard and r minimal N = 2 SCFT were found.
The heterotic theories in four dimensions have a gauge group which includes E 8 × E 6 . The massless spectrum includes some chiral fermions in the representation 27 of E 6 (generations) and some chiral fermions in the27 of E 6 (antigenerations). The generation number corresponds to solutions of the U (1) equation (3), while the anti generation number corresponds to solutions of the U (1) equation which lay on theQ + k lattice. By studying the U (1) equation andQ + k lattice the generation number and anti generation number for all the new string theories were found and are given in section (3) and the appendix. Notably we found that only the {6}(13, 18) theory predicts three net particle generation as seen in nature. It was conjectured in ref. [3] that all the N = 2 string theories correspond to compactification on some CalabiYau manifold [4] . The Euler number of these manifold is given by
and is thus found for all the string theories discussed. An interesting question is which manifolds correspond to the new string theories. Of particular interest is the manifold corresponding to the {6}(13, 18) theory and whether we can construct a realistic string theory on this manifold. Such a theory is guaranteed to predict three net generation. However, for a realistic description many other aspects of such a theory should be studied. For example it should be possible to break the theory gauge group and get the standard model gauge group SU (3) × SU (2) × U (1). Finally, here we have not dealt with string theories constructed by tensoring r minimal and 2 nonstandard N = 2 SCFT. It is evident from the discussion in section (3.3) that an infinite number of such D = 4 consistent string theories exist. The net generation number and the questions we have posed are equally interesting for these theories as well. 
